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Abstract 
Lee, S.M. and SC. Shee, On Skolem graceful graphs, Discrete Mathematics 93 (1991) 
195-200. 
A Skolem graceful labelling of graphs is introduced. It is shown that a tree is Skolem graceful 
iff it is graceful. The Skolem deficiency of a graph is defined and Skolem deficiencies of some 
well-known graphs are calculated. The class of Skolem graceful graphs is shown to be finite 
universal. 
1. Introduction 
Let V(G) and E(G) be the vertex set and edge set of a graph G. A one-one 
mapping 8 from V(G) to the set of integers is called a vertex labelling of 6. Let 6 
be a vertex labelling of a graph G. The vertex label of an x E V(G) is 8(x), the 
image of 8 will be denoted by TY, and the edge label (or weight) on an edge xy 
connecting vertices x and y under 8 is given by il(xy) = l@(x) - 6(y)l. A vertex x 
(edge xy) is referred to as even or odd vertex (edge) according as 0(x) @(XV)) is 
even or odd. let Tk be the collection of all edge labels of a graph G with m edges 
under a vertex labelling 8. Let N, = (0, 1,2, . . . , m}. Then 0 is said to be 
graceful if 
T&N, and G=N,-(0). 
A graph that admits a graceful labelling is said to be graceful. A considerable 
amount of research has been done on graceful graphs (see [l-2,4-5,7]). In this 
paper we introduce a slightly modified labelling of graphs, which we call Skolem 
graceful labelling. 
In 1957, Skolem ([8, Theorems 1 and 21) showed that if n = 0 or 1 (mod 4), 
then there exists a sequence (ci) (which we call Skolem sequence) of 2 n terms, 
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where 1 s Cj S 12, such that each member occurs exactly twice and that if 
. 
1 =Cj, = Cjz then ljz -jlj = i. For such a sequence (cj) if we label the graph nP, (i.e. 
the disjoint union of n copies of a path P2 on 2 vertices) as follows: 
then we 
for each i in { 1,2, . . . , n} we label a component of nP2 with 
j, and jz when i = cj, = cj2, 
find 
{lj2-jI~:i=Ciz=Cj,,i=1,2,. . . ,n}={l,2,. . . ,n). 
Thus we introduce the following. 
Definition 1. A graph G = (V(G), E(G)) is said to be Skolem graceful if there 
exists a one-one mapping 8 : V(G)+ {1,2, . . . , IV(G)l} such that the induced 
mapping il: E(G)* {1,2,. . . ,jE(G)I}, defined by A(xy) = IO(x) - e(y)1 is a 
bijection, where xy E E(G). In view of the above definition the result of Skolem 
can be reformulated as follows. 
Theorem 1 (Skolem). The graph nP2 is Skolem gracefui if and only if n = 0 or 1 
(mod 4). 
We illustrate the above fact with the following two examples. 
Example 1. The table below gives a Skolem sequence for n = 4, and the diagram 
gives a Skolem graceful abelling of 4P,. 
ci I cl c2 c3 c4 c5 c6 c7 c6 
ci =i2 3 2 4 3 1 I 1 4 1 1 4 
Example 2. A Skolem sequence for n = 9 and the associated Skolem graceful 
labelling of 9P, are shown below. 
ci cl c2 c3 c4 c5 c6 c7 c6 c9 clO c11 Cl2 Cl3 Cl4 Cl5 Cl6 Cl7 Cl8 
ci -is23 2 7 3685 9 4 7 6 5 4 8 1 1 
We shall give some necessary conditions for a graph to be Skolem graceful. We 
shall define Skolem deficiency of a graph and calculate Skolem deficiencies of 
some well-known graphs. Finally we shall show that every graph is an induced 
subgraph of a Skolem graceful graph. 
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2. Some necessary conditions for Skolem graceful graphs 
We begin with the following. 
Theorem 2. Let G = (V(G), E(G)) be a graph with IV(G)1 =p and JE(G)I =q. 
If G is Skolem graceful then: 
(i) p > q + 1, and 
(ii) it is possible to partition V(G) into even vertices and odd vertices uch that 
the number of edges connecting even vertices with odd vertices in G is exactly 
[(a + WI* 
Proof. (i) is obvious. 
(ii) The argument is essentially the same as that of Golomb’s Theorem 1 for 
graceful graph in [4]. 
Theorem 3. If a graph 
circuit in G is even. 
Theorem 3 is in fact a special case of a more general result of Golomb in [4]. 
iI! 
G is Skolem graceful, then the sum of all edge labels of any 
Theorem 4. A tree is Skolem graceful if and only if it is graceful. 
Proof. Let 8 be a graceful labelling of a tree G, then 6 + 1, defined by (8 + 1) 
(x) = O(x) + 1, for every x E V(G), is a Skolem graceful labelling of G. 
Conversely if 8’ is a Skolem graceful labelling of G, then 8’ - 1 is a graceful 
labelling of G. El 
Corollary 1. (i) Every caterpillar is Skolem graceful. 
(ii) If T is a Skolem graceful tree, then the corona T 0 & is Skolem grace,ful. 
3. Skolem deficiency of a graph 
The graph in Fig. l(aj is not Skolem graceful. But if we add two new isolated 
vertices to it, then the resulting graph becomes Skolem graceful as indicated in 
Fig. l(b). We therefore define the Skolem deficiency of a graph in terms of the 
number of new isolated vertices added to the graph so that the resulting graph is 
Skolem graceful. 
Definition 2. Let G be a graph. The Skolem deficiency of G, denoted by d,(Gi. 
is defined as follows: 
n, if n is the smallest integer t 2 0 
d,(G) = such that G U k, is Skolem graceful, 
00, if G U Et is not Skolem graceful for all I, 
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where & is the complement of the complete graph of order t, and R, is a graph 
with no vertices. 
Theorem 5. If G is a graceful graph with (V(G)( =p and (E(G)( =q, then 
d,(G)=q -p + 1. 
Proof. Label G gracefully. The number of integers (0, 1, . . . , q} which have not 
been used in the graceful abelling of G is q - p + 1; these integers are now used 
to label I?q_-p+l in G U&--p+l so that G U&_-p+l becomes Skolem graceful. 
Obvious q -p + 1 is the smallest value of t such that G U & is Skolem graceful. 
Hence d,(G) = q -p + 1. Cl 
Corollary 2. The cycle Cn of order n has Skolem deficiency 1, when n = 0 or 
3 (mod 4). 
Corollary 3. The friendship graph F, (which consists of n triangles with a common 
vertex) has Skolem deficiency n, when n = 0 or 1 (mod 4) l 
Corollary 4. The ladder L,(n 2 2) ( i.e. the product graph P2 x P,) has Skolem 
deficiency n - 1. 
Corollary 5. The fan fn (obtained by joining all vertices of Pn to a further vertex) 
has Skolem deficiency n - 1. 
Corollary 6. The wheel Wn (obtained by joining all vertices of C,, to a further 
vertices) has Skolem deficiency n. 
Corollary 7. The complete bipartite graph K,,,n is Skolem graceful for m = 1 or 
n = 1, and has Skolem deficiency mn - (m + n) + 1 otherwise. 
Theorem 6. The following graphs have Skolem deficiencies equal to infinity: 
(i) the cycle CR, when n = 1 or 2 (mod 4); 
(ii) the graph G = nC,,,, when n = 2 (mod 4) and m = 3 (mod 4); 
(iii) the graph F, ,, consisting of n cycles C,.,, 
when n = 2 or 3 (mdd 4) and m = 3 (mod 4). 
of order m with a common vertex 
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Proof. (i) for n = 1 or 2 (mod 4), the sum of the edge labels of C,, in Cn U Kt is an 
odd number for any f 2 0. Hence by Theorem 3, C,, U & is not Skolem graceful 
for all t 2 0. 
(ii) Suppose n =*$k+2andm=4r+3. Then 
lE(G)I = (4k + 2)(4r + 3) = 16kr + 12k + 8r + 6 = 4s + 6, 
where s = 4kr + 3k + 2r. Now 
1+2+=* 
l + IW)I = 
(4s + 6)(4s + 7) 
2 = (2s + 3)(4s + 7). 
which is an odd number. If the graph G U & is Skolem graceful for some t, then 
by Theorem 3, the sum of the edge labels of each cycle C,,, is even and hence the 
total sum of the edge labels of G U K, is even, which contradicts the above fact. 
Hence d,(G) = 00. 
(iii) The proof is similar to that of (ii). Cl 
4. Finite universality of Skolem gracefbl graphs 
Let % be the class of all graphs. A subclass X of 3 is called universal if for each 
G E % there exists a H E X such that G is an induced subgraph of H. For 
example, the class of all regular graphs is universal. A subclass %? of ($9 is said to 
be finite universal if for each finite graph G in 3 there exists a H in Z such that G 
is embeddable into H. 
It has been shown by Acharya and others that the class of all graceful graphs is 
finite universal. 
Theorem 7. The class of all Skolem graceful graphs is finite universal. 
Proof. Since each finite graph is an induced subgraph of a graceful graph, it is, by 
Theorem 5, also an induced subgraph of a Skolem graceful graph. 0 
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